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The Problem

Consider the fourth order differential equation
ut () = Ah (£ u(t), u"(1)) (1)
for t € [0, 1], satisfying the boundary conditions

a1u(0) — yru(l) = p1/(0) — 614/ (1) = —a, (2)
azu”(0) — y2u"(1) = 21" (0) — G0 (1) = b, (3)

where h: [0,1] x [0, 00) X (—00,0] — [0, 00) is continuous, A > 0,
and a, b > 0; additionally, we require «;, 8i,7vi,6; > 0, aj > ;,
d; > Bi, and ~; > 29; for i = 1,2.
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Method

@ We transform the fourth order boundary value problem into a
system of second-order differential equations satisfying
homogeneous boundary conditions.

@ We construct a sequence of lemmas that lead to estimates on
a particular operator T.

© We apply the Guo-Krasnosel’skii Fixed Point Theorem
three times to show the existence of at /east three fixed points
of T—uwhich, in turn, gives the existence of at least three
positive solutions to (1)—(3).
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Guo-Krasnosel'skii Fixed Point Theorem

Theorem 1.1: Let (X, || -||) be a Banach space, and let C C X be
a cone. Suppose €21, are open subsets of X satisfying

0eU CUC IFT:CN(Q\ Q1) — Cis a completely
continuous operator such that either
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Guo-Krasnosel'skii Fixed Point Theorem

Theorem 1.1: Let (X, || -||) be a Banach space, and let C C X be
a cone. Suppose €21, are open subsets of X satisfying

0eU CUC IFT:CN(Q\ Q1) — Cis a completely
continuous operator such that either

Q || Tul| < ||u|| forue CNOQ and || Tu|| > ||u|| for
ue CNo,,

or

@ || Tul| > ||u|| for ue CNIQ and || Tu|| < ||u|| for
ue CNoy,

then T has a fixed point in C N (2 \ Q1).
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Substitutions

To convert (1)—(3) into a system of second order differential
equations, we make the substitutions

° u = u,

o up=—1u",

o g(t,u1, ) = o,

o f(t,u,u) = h(t,u1,—uw).
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Substitutions

This gives
— uy(t) = M (t,ug, un), (4)
—uf(t) = g (t,u1, ), (5)
a1u1(0) — y1u1(1) = Brug(0) — 0104 (1) = —a, (6)
aatp(0) — yauz(1) = Bauh(0) — Sauh(l) = —b. (7)
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Transformations

We now make use of the following transformations:

_ a5 a(20—m)
evTa 251t 261 (01 — 1)

A, a(20— )
v 252t 262 (a2 — 72)
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Transformations

Applying the transformations, (4)—(7) we get a system of boundary
value problems:

—uy(t) = M(t,ur(t) + Qut? + Ry, wa(t) + @t + Ry),  (8)
W) = g(t,u(t) + Q2 + Ry, a(t) + Q2+ Ry),  (9)

—uy
ajui(0) — yiui(1) = Biuj(0) — 6;uj(1) = 0, (10)
a a(26; — i) .
here O — -2 and R — — 2320 =) ¢ i1 5
where Q; 25 and R; 20 (0 = 1) or | ,
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Transformations

Solutions to (8)—(10) are of the form
1
w(t) = )\/ Ga(t, 5)F(s, un(s) + Qs + R1, us(s) + Qo> + Ry)ds
0
1
u(t) = / Gi(t,5)g(s, ur(s) + Qis” + Ry, ta(s) + @25” + Ry)ds,
0
where Gi(t,s) are the Green's functions

Gi(t,s) = L {5kat+’YkMkS+vkﬂk, 0<t<s<l,

MiNk | BNkt + aeMys + v, 0<s<t<1,

and Mk:(sk—ﬁk, Nk:ak—fyk fork:1,2.
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The Setup

Let (X,|| - ||) be the Banach space
X = C([0,1];R) x C1(]0,1]; R) endowed with the norm

[(u1; w2) || = [Junfloo + [luzlloo,

where ||u]|c = sup |u(t)].
te[0,1]
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The Setup

Define C C X to be the cone

C = {(u1, u2) € X | uj is nonnegative and concave;
a;uj(0) — y;ui(1) = Bju;(0) — d;ui(1) = 0 for i = 1,2}.

Next, let €, denote the open set
Qp = {(u1,u2) € X : |[(u1, w2)|| < p}.
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The Setup

Lastly, define T : X — X to be the operator

T(u1, u2) = (A1(u, u2), Az(ur, u2)),

where
1
Ao(u1, up)(t) = )\/ Go(t, s)f(s, u1(s) + Qus* + Ry, ua(s) + Qos® + Rp)ds
0
and

1
A1(U1,U2)(t):/ Gl(t,S)g(S, U1(S)—|—Q1$2+R1,U2(S)+QQS2+R2)C/S.
0

Solutions of (8)—(10) are fixed points of T.
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The Setup

The following lemma gives two properties of T that are needed in
order to apply the Guo-Krasnosel'skii Fixed Point Theorem.

Lemma 0. T is a completely continuous operator and T : C — C.
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Hypotheses

(HO) f,g:[0,1] x [0,00)% — [0, 0) are continuous functions that
are nondecreasing in their last two variables.

(H1) There exists o, 5 € (0,1), a < 3, such that, given
(x1,x0) € [0,00)% with x1 + xo # 0, there exists k > 0 such
that f(t,x1,x2) > k for t € [a, 5].
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Lemma 1

Lemma 1. Suppose (HO) and (H1) hold, and let p* > 0. Then
there exists N\ such that, for every A > A and
(Q1, Q2, R1, Ry) € [0,00)*, we have

1T (ur, w2) || = | (ur, wa)

for each (uy,u2) € CNOQ,x.

oo/

i
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Lemma 2

Lemma 2. Fix A > 0, and suppose (HO) and (H1) hold. Then, for
every A > A and (@1, @2, R1, Ry) € [0,00)*, there exists
p1 = p1(N\, Q1, Qa, R1, Ry) such that, for every p < p1, we have

1T (ur, w2) || = | (ur, wa)

for each (uy,un) € CNOQ,.

o
\ . /
\/ 00,
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Hypotheses

(HO) £,g:[0,1] x [0,00)% — [0, 00) are continuous functions that
are nondecreasing in their last two variables.

(H2) Let z=x3 + x2. Then

lim f(t, X1, X2)

z—0t+ z

=0

uniformly for t € [0, 1].

(H3) There exists a 0 < ( < af(’(\s/?fél) and g > 0 such that, for all

(x1,x2) € [0,09)2 with 0 < x1 + x2 < g, we have
g(t,x1,x2) < {(x1 + x2) for each t € [0, 1].
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Lemma 3

Lemma 3. Suppose (H0), (H2), and (H3) hold, and let p* > 0 be
fixed. Then given X\ > 0, there exists py € (0, p*) and { > 0 such
that for every (Q1, Q2, R1, R2) € [0,00)* with
0< Q1+Q2—|—R1—|—R2<C, we have

1T (ur, u)l] < (ur, w2

for each (u1,u2) € CNOQ,,.

('\ /

—
0, \ ¥,
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0,
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Hypotheses

(HO) f,g:[0,1] x [0,00)% — [0, 00) are continuous functions that
are nondecreasing in their last two variables.

(H4) Let z = x1 + x2. Then

lim f(t7X17X2)

z—00 Z

=0

uniformly for t € [0, 1].

(H5) There exists a 0 < 6 < % and r > 0 such that, for all

(x1,x2) € [0,00)? with x; + x2 > r, we have
g(t,x1,x) < 0(x1 + x2) for each t € [0, 1].
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Lemma 4

Lemma 4. Suppose 0 < Q1+ Q2+ Ry + Ry < (, where ( > 0 is
given. Suppose further that assumptions (HO), (H4), and (H5)
hold. Then, for every \ > 0, there exists p3 = p3((, \) such that
for every p > p3, we have

1T (ur, w2) || < [ (ur, w2)

for each (u1, ) € CNOQ,.
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Main Result

Theorem 1. Let f, g satisfy (HO)<H5). Then there exists N > 0

such that, given any X\ > N\, there exists ¢ > 0 such that, for every
(Q1, Q2, R1, Ry) € [0,00)* satisfying 0 < @+ Q + Ry + Ry < ¢,

the system (8)—(10) has at least three positive solutions.
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