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Problem Statement

This thesis focuses on establishing the existence of positive
solutions to even-order boundary value problems (BVPs) of the

form
uC(E) = Ak (&, u(e), (), (D)), (1)
@i u®)(0) — i u®(0) = (=1) a1,  i=0,1,...,n—1, (2)

Biau® (1) = §11u® V(1) = (1) ap, i=0,1,....,n—1, (3)

where n > 2, h:[0,1] x [7Z(—1)/[0,00) — (~1)"[0, 00) is
continuous, and A > 0.



Introduction
©00000000000

Problem Statement

This thesis focuses on establishing the existence of positive
solutions to even-order boundary value problems (BVPs) of the

form
uC(E) = Ak (&, u(e), (), (D)), (1)
aiz1u®(0) = 3i1u®(0) = (1) aya, i=0,1,...,n-1, (2)
Bia1u® (1) = 611u® (1) = (—1) M ap, i=0,1,...,n-1, (3)

where n > 2, h:[0,1] x [7Z(—1)/[0,00) — (~1)"[0, 00) is
continuous, and A > 0.

In particular, for i =0,1,...,n—1, we require
Q@it1, Biv1, Vi1, 0iw1 > 0 and consider in tandem the cases

(i) aj+1 > 0 and (ii) ai+1 < 0.



Introduction
©00000000000

Problem Statement

This thesis focuses on establishing the existence of positive
solutions to even-order boundary value problems (BVPs) of the

form
uC(E) = Ak (&, u(e), (), (D)), (1)
aiz1u®(0) = 3i1u®(0) = (1) aya, i=0,1,...,n-1, (2)
Bia1u® (1) = 611u® (1) = (—1) M ap, i=0,1,...,n-1, (3)

where n > 2, h:[0,1] x [7Z(—1)/[0,00) — (~1)"[0, 00) is
continuous, and A > 0.

In particular, for i =0,1,...,n—1, we require

Q@it1, Biv1, Vi1, 0iw1 > 0 and consider in tandem the cases

(i) aj+1 > 0 and (ii) ai+1 < 0.

For the sake of brevity, we focus exclusively on case (i) during this
talk.
I
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Motivation: Practical

@ From a practical standpoint, the study of multiple solutions to
BVPs is important to the modeling of various physical
phenomena.

e For instance, Cohen studied the multiplicity of solutions to the
BVP

pu” —u" + f(u) =0, 0<t<1,
u’'(0) — au(0) =0,d'(1) =0,

which occurs in the modeling of a certain chemical reactor.
o Argawal addressed uniqueness issues to BVPs of the form

u® = f(t,u, U 0", a<t
u(a) = A, u'(a) = B,u(b) = C,u"(b) = D,

motivated by problems arising in beam analysis.
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Motivation: Theoretical

@ A particularly fruitful approach to proving the existence of
multiple solutions hinges on transforming a higher order
problem into a system of second-order differential equations of
the form u”(t) = f(t, u(t)) satisfying homogeneous boundary
conditions and observing that solutions to this problem are
just fixed points of the operator

Tu = /0 L Gt ) (s, u(s))ds.

where G is the Green's function corresponding to the specified
homogeneous boundary conditions.
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Motivation: Theoretical

@ A particularly fruitful approach to proving the existence of
multiple solutions hinges on transforming a higher order
problem into a system of second-order differential equations of
the form u”(t) = f(t, u(t)) satisfying homogeneous boundary
conditions and observing that solutions to this problem are
just fixed points of the operator

Tu = /0 Gt ) (s. u(s))ds.

where G is the Green's function corresponding to the specified
homogeneous boundary conditions.

@ As a result, various fixed point theorems have been utilized or
proposed to address existence/uniqueness issues, which makes
the study of multiple solutions to BVPs an area of significant
theoretical importance.
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Motivation: Historical

@ One of the more important fixed point theorems to arise in
the past sixty years in the study of solutions to BVPs is
attributable to Krasnosel'skii.

@ His work established a fixed point result for operators acting
on cones, which are nonempty, closed, convex subsets C of a
Banach space X such that

(i) if x € C, then Ax € C for all real A > 0;
(ii) if x € C and —x € C, then x = 0.

@ An extension was later formulated by Guo. This more general
result is known as the Guo-Krasnosel’skii Fixed Point
Theorem.
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Guo-Krasnosel'skii Fixed Point Theorem

Theorem. Let (X, | - ||) be a Banach space, and let C C X be a
cone. Suppose €21,K0, are open subsets of X satisfying

0 CU CQ. IFT:CN(Q — Q1) — C is a completely
continuous operator such that either
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Guo-Krasnosel'skii Fixed Point Theorem

Theorem. Let (X, | - ||) be a Banach space, and let C C X be a
cone. Suppose €21,K0, are open subsets of X satisfying

0 CU CQ. IFT:CN(Q — Q1) — C is a completely
continuous operator such that either

Q || Tul| < ||u|| forue CNOQ and || Tu|| > ||u|| for
ue CNo,,

or

@ || Tul| > ||u|| for ue CNOQy and || Tu|| < ||u|| for
ue CNoy,

then T has a fixed point in C N (2 \ Q1).
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Motivation: Historical (cont'd)

@ By utilizing the Guo-Krasnosel'skii Fixed Point Theorem,
Marcos, Lorca, and Ubilla demonstrated the existence of at
least three positive solutions to the BVP

u® = Ah(t,u, "), te€(0,1),
u(0) = " (0) =0,u(1) = a,u”(1) = —b.
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Motivation: Historical (cont'd)

@ By utilizing the Guo-Krasnosel'skii Fixed Point Theorem,
Marcos, Lorca, and Ubilla demonstrated the existence of at
least three positive solutions to the BVP

u® = Ah(t,u, "), te€(0,1),
u(0) = " (0) =0,u(1) = a,u”(1) = —b.

@ Hopkins later expanded upon this work in her doctoral
dissertation and subsequent papers by generalizing the BVP
above to arbitrary order and considering analogous problems
on both continuous and discrete domains.

@ This thesis is an outgrowth of continued investigations (with
Drs. Fulkerson, Hopkins, Karber, and Milligan) into the
multiplicity of solutions to various classes of even-order
boundary value problems couched within this established
framework.
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The Method

The method common to all this work can be outlined as follows:

© Transform the boundary value problem into a system of
second-order differential equations satisfying homogeneous
boundary conditions.

@ Define a cone C and a completely continuous, cone invariant
operator T in such a way that fixed points of T (over C)
correspond to solutions to the transformed problem.

© Construct a sequence of lemmas that lead to contraction and
expansion estimates for T over nested open subsets of C.

@ Apply the Guo-Krasnosel'skii Fixed Point Theorem three times
to show the existence of at least three fixed points of T and,
hence, at least three positive solutions to the transformed
problem. The existence of multiple positive solutions to the
original problem can then be established as a corollary.
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The Method

We now proceed to apply this method to the system (1)—(3) to
obtain at least three positive solutions.
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Substitutions and Transformations

@ Transform the boundary value problem (1)—(3) into a system
of second-order differential equations satisfying homogeneous
boundary conditions.
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Substitutions

For t € [0, 1], we apply the substitutions
uigr(t) = (=1)7u®)(t),  i=0,1,...,n—1,
ui1(t) = gi(t, ur, ua, ..., uy), i=1,2,...,n—1,
f(t,ur,up,...,uy)=h (t, g, —uo, ..., (=1)""? u,,) :



Substitutions and Transformations
00®0000000

Substitutions

This gives
—u;,/(t):)\f(t, Ul,Uz,...,un), (4)
—u,{'(t):g,-(t,U1,U2,~~,Un)7 i:1,2,...,n—1, (5)

aiui(0) — iui(1) = Bul(0) — Sul(1) = —ai,  i=172....n. (6)
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properties of h imply that f and g are nonnegative.
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Substitutions

This gives
—u;,/(t):)\f(t, Ul,Uz,...,Un), (4)
—u,{'(t):g,-(t,U1,U2,~~,Un)7 i:1,2,...,n—1, (5)

aiui(0) — iui(1) = Bul(0) — Sul(1) = —ai,  i=172....n. (6)

The choice of substitutions combined with the sign changing
properties of h imply that f and g are nonnegative.

Consequently, v, us, ..., u, are nonnegative and concave.
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Transformations

To transform (4)—(6) into a system with homogeneous boundary
conditions, we make use of the ansatz

T(t) = ui(t) - . (*)
Note that (*) satisfies the boundary conditions

Biu;(0) — é;m;(1) =0

fori=1,2,...,n.
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Integrating both sides of (*) with respect to t gives

Bi(8) = ui(t) = 5+ G ()

where GG e Rfori=1,2,...,n.
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Transformations

Integrating both sides of (*) with respect to t gives

Bi(8) = ui(t) = 5+ G ()

where GG e Rfori=1,2,...,n.

We would like to choose C; in (**) so that the remaining boundary
conditions
Oé,'U,’(O) — '7;U,-(1) =0

are satisfied for i = 1,2,...,n.
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Transformations

That is, we need

0= OC;U;(O) — ’y;ﬂ;(l) = [u;(O) + C,'] — i [u;(l) — 2‘% + C,':|
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Transformations

That is, we need

0= OC;U;(O) — ’y;ﬂ;(l) = [u;(O) + C,'] — i [u;(l) - % + C,':|
ai"i
= [aiui (0) =i (D] + 55~ + (@i = %) G
. g NG
= —a;+ 26, +(al ’71) &
o ai(26i—1)
and so we must have C; = 30 (=)
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Transformations

Thus, by setting

_ aj aj (20; — i

we obtain functions that simultaneously satisfy the homogeneous
boundary conditions

;i (0) — »iu;(1) = B (0) — 6;u;(1) = 0.
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Transformations

Applying the previous transformations to (4)—(6), we get the
system of boundary value problems

— U =Mt w4 QU H Ry, un+ Qut? 4+ Ry), (7

—U;:gi(t,U1+Q1t +R1,...,Un+Qnt2+Rn), i:172,---7n_1> (8)

a,—u,-(O) — ’y,-u,-(l) = ﬂ,u,'(O) — (S,U,/(l) = 07 i = ].,27 ey Ny (9)
where Q; = i and R; = 2(’5(?6 7’)) fori=1,2,.



Substitutions and Transformations
00000000e0

Transformations

Solutions to (7)—(9) are of the form

1
un(t) = )\/ Go(t, 5)F(5, 1 () + Qus® + Ry, -, tn(5) + Qus® + Ro)ds
0

1
ui(t) = / Gi(t,s)gi(s, ur(s) + Q1+ Ry, ..., un(s) + Qns% + R,)ds,
0

for i=1,2,...,n—1 and where Gk(t,s) is the Green's function

Gk(t, S) =

1 kNt +vicMyes + B, 0<t<s<1,
MiNg | BNkt + aueMys + B, 0<s<t <1,

with M, = 6, — Bx, Ny = ay — vk fork=1,2,...,n.
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Transformations

To ensure positive solutions to (1)—(3)—or, equivalently,
(7)-(9)—we require
aj>jand §; > Bifori=1,2,...,n
so that
(MiN;) =Y (8iNit + 7iMis + ~if3;) > 0
and
(MiN;) ™t (BiNit + ajM;s + i 3;) > 0,

from which it follows the G;(t,s) and, hence, the solutions to
(7)—=(9) are positive.
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Cone and Operator

@ Define a cone C and a completely continuous, cone preserving
operator T in such a way that fixed points of T (over C)
correspond to solutions to the transformed problem.
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Cone and Operator

Let (X, | - ||) be the Banach space X = []7_; C}([0,1];R)
endowed with the norm

n
I(un, - un)ll =D Nuilloo,
i=1

where ||u]|o = sup |u(t)].
te[0,1]
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Cone and Operator

Define C C X to be the cone

C ={(w1,...,un) € X| uj is nonnegative and concave;
a;ui(0) — yiui(1) = Biui(0) — 6;ui(1) =0 for i =1,2,...,n.}.
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a;ui(0) — yiui(1) = Biui(0) — 6;ui(1) =0 for i =1,2,...,n.}.

The verification that C is a cone is straightforward and left as an
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Cone and Operator

Define C C X to be the cone

C ={(w1,...,un) € X| uj is nonnegative and concave;
a;ui(0) — yiui(1) = Biui(0) — 6;ui(1) =0 for i =1,2,...,n.}.

The verification that C is a cone is straightforward and left as an
exercise. :)

We also let €2, denote the open set

Q, ={(u1,...,up) € X |[(u,--.,un)| < p},

and write 052, for the boundary of Q,, that is,

09 = {(u1...,un) € X : [[(un,- ... un)]| = p}.



Cone and Operator
000®00000000

Cone and Operator

Finally, define T : X — X to be the operator
T(us,y .. un) = (Ar(un, .o tn)y o Anltn, - . tn)) s
where
An(n, ..., ua)(t) =
A/l Go(t,s)f(s, u1(s) + Qis° + Ru, ..., un(s) + Qus” + R,)ds,
A,-(ulf). o un)(t) =

1
/ Gi(t,s)gi(s,u1(s) + Qis° + R, ..., un(s) + Qus” + Ry)ds, i=1,2,...,n—1,
0
with A and G; defined as above and

(Q1,.--, Qn,R1,...,Ry) €0, 00)2”,
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Cone and Operator

By design, the fixed points of T (over C), if any, are solutions to a
system that is similar to (7)—(9) in form but in which the only
constraints on Qq,..., Qn, R1,..., R, are nonnegativity.
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This has the obvious advantage of generality; the disadvantage is
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Cone and Operator

By design, the fixed points of T (over C), if any, are solutions to a
system that is similar to (7)—(9) in form but in which the only
constraints on Qq,..., Qn, R1,..., R, are nonnegativity.

This has the obvious advantage of generality; the disadvantage is
that it might make this talk slightly more confusing as a result.

For the sake of clarity, we refer to this more general system as

(7*)~(9%).
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Cone and Operator

The following hypothesis will be the backbone for all our later
work:
(HO) For i=1,2,...,n— 1, the functions
f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.
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work:
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f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
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The addition of (HO) introduces constraints on the functions
f,g1,...,8n and the constants Q1,..., Qn, R1,..., Ry in (7%)—(9%)
that may or may not hold for their counterparts in (7)—(9).
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Cone and Operator

The following hypothesis will be the backbone for all our later
work:
(HO) For i=1,2,...,n— 1, the functions
f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.

The addition of (HO) introduces constraints on the functions
f,g1,...,8n and the constants Q1,..., Qn, R1,..., Ry in (7%)—(9%)
that may or may not hold for their counterparts in (7)—(9).

As a result, it is possible the natural correspondence between the

two systems will be compromised, unless we appropriately
constrain the function h and parameters «;, §;, i, d; of (1)—(3).
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Incidentally, the continuity and nonnegativity properties of the
functions f, g; follow directly from the continuity and “sign
changing” properties of h coupled with the choice of
substitutions/transformations made earlier.
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Additional Constraints

Incidentally, the continuity and nonnegativity properties of the
functions f, g; follow directly from the continuity and “sign
changing” properties of h coupled with the choice of
substitutions/transformations made earlier.

The nondecreasing properties cannot be similarly deduced, so we
make the following assumption on h:

h is nondecreasing in its (2/)th variables,

and nonincreasing in its (2j 4+ 1)th variables for j =1,2,...,n.
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Cone and Operator
0000000e0000

Additional Constraints

The constraints on the parameters are more subtle:

@ All our subsequent work will take place in the cone C, where
the functions vy, up, ..., u, are assumed to be nonnegative.



Cone and Operator
0000000e0000

Additional Constraints

The constraints on the parameters are more subtle:

@ All our subsequent work will take place in the cone C, where
the functions vy, up, ..., u, are assumed to be nonnegative.

@ Moreover, we have (Q1,...,Qn, R1,...,R,) € [0,00)?" and
f,gi:[0,1] x [0,00)" = [0,00) for i =1,2,...,n— 1.
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Additional Constraints

We must therefore have

In the transformed system (7)—(9), this amounts to

—a; (26; — i)
<R =—7—"7""—"7,
0s 26; (oi — i)

from which get the requirement in (1)—(3) that

20; <~jfori=1,2,...,n.
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Lemma A

The following preliminary lemma establishes the completely
continuous and cone preserving properties of T.

Lemma A. Suppose (HO) holds. Then T is a completely
continuous operator such that T(C) C C.
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Some Bounds

The following bounds will be needed not only in the proof of

Lemma A but also the proofs of subsequent lemmas:

Oé,(5 +6/) .
— =1,2. ...
tren[gﬁ]/G(t s)ds = OMiN: r=12
and

/ 0 )

= ds = =12

t?[gﬁ]/a Mo T

0

Y n7 (10)

Sy (11)
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Lemma A: Proof Outline

@ That T is cone preserving follows immediately from the
definitions.
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Lemma A: Proof Outline

@ That T is cone preserving follows immediately from the
definitions.

@ The completely continuous property of T can be established
by a standard argument utilizing the Arzela-Ascoli Theorem.
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Lemmas

© Construct a sequence of lemmas that lead to contraction and
expansion estimates for T over nested open subsets of C.
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Lemmas 1 and 2: Hypotheses

The first two lemmas lead to expansion estimates on T and require
the following hypotheses:

(HO) For i=1,2,...,n—1, the functions
f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.

(H1) There exists o, 8 € (0,1), « < B, such that, given
(X1,...,%n) €[0,00)" with "7 ; x; # 0, there exists k > 0
such that f(t,x1,...,xp) > & for t € [a, f].
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Lemma 1

Lemma 1. Suppose (HO) and (H1) hold, and let p* > 0. Then
there exists N\ such that, for every A > A and
(Q1,...,Qn R1,...,Ry) €]0,00)%", we have

IT(u, s un)ll = [I(us - - un)

for each (uy,...,u,) € CNOQ,.

oo/

i
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Lemma B

The proof of Lemma 1 depends on the following lemma:

Lemma B. Let u(t) be a nonnegative, concave function that is
continuous on [0,1]. Then, for all o, 8 € (0,1) with o < 3, we
have

inf u(t) > a(l—P)|ullc-
t€[a,B]
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Lemma 1: Proof

Let p* > 0 and (u1,...,us) € CNOQ,-.
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Assume « and 3 are as in (H1), and set r = a(1 — j3).
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Lemma 1: Proof

Let p* > 0 and (u1,...,us) € CNOQ,-.
Assume « and 3 are as in (H1), and set r = a(1 — j3).

Define

i f(t,rer,...,rcy) :
K = inf = :cl,...,c,,ZO,E c=ptefa,p]p.
{ rZi:lci i=1
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Lemma 1: Proof

Let p* > 0 and (u1,...,us) € CNOQ,-.
Assume « and 3 are as in (H1), and set r = a(1 — j3).

Define

f(t,rct,...,rcy :
KZIITF{ ( 7rr;:’7:1;irc )ZC1,...,CnZO>ZCi:P*,tE[0475]}.

i=1

The existence of a positive K follows from assumption (H1).
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Lemma 1: Proof

-1
Now set A > [Krff G,,(l,s)ds} :
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Lemma 1: Proof

-1
Now set A > [Krff G,,(l,s)ds} :

Utilizing Lemma B, we know that

ui(t) + Qit> + R > inf ui(t) > rlluillo
tefa,f]

)

fort € [o,8]and i=1,2,...,n—1.



Lemmas
000000@00000000000000

Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0

B
> [ 615l rlen]o )
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0

B8
20 [ G (sl )

7)\"“ u ||/ 5 r‘|u1|‘00""7r”un||oo)ds
Al ur, - o)
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0
B8
20 [ G (sl )

7)\"“ u ||/ 5 r‘|u1|‘00""7r”un||oo)ds
Al ur, - o)

> AKr||(u, - .-, H/ Gn(1,s)ds
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0

B8
20 [ G (sl )

7)\,,H u,...,u ”/ 5 rHulHOOa-”eru"”OO)ds
rll(us, - )l

> AKr||(u, - .-, H/ Gn(1,s)ds

> AKrl|(ug, .. ., H/ Gn(1,s)ds
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0

B8
20 [ G (sl )

7)\,,H u,...,u ”/ 5 rHulHOOa-”eru"”OO)ds
rll(us, - )l

> AKr||(u, - .-, H/ Gn(1,s)ds

> AKrl|(ug, .. ., H/ Gn(1,s)ds

2 (w1, un)|
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Lemma 1: Proof

Pairing the above with the nondecreasing properties of f, it follows
that

[T (uy ..y un)|l = ||An(u, - -, un)]loo

1
> A/ Go(1,5)f (s, tn(s) + Qs> + R, ..., un(s) + Qus” + Rn)ds
0

B8
20 [ G (sl )

7)\,,H u,...,u ”/ 5 rHulHOOa-”eru"”OO)ds
rll(us, - )l

> AKr||(u, - .-, H/ Gn(1,s)ds

> AKrl|(ug, .. ., H/ Gn(1,s)ds

2 (w1, un)|

for A > A, which completes the proof.
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Lemma 2

Lemma 2. Fix A > 0, and suppose (HO) and (H1) hold. Then, for
every A\ > N\ and (Q1,...,Qn, R1,...,Ry) €[0,00)%", there exists
positive p1 = p1(\, Q1, ..., Qn, R1, ..., Ry) such that, for every

p € (0, p1], we have

1T Cur, - un)ll = [ICun, -5 )l

for each (u1,...,u,) € CNOKQ,.

-
\ C /
\/ 00,
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Lemma 3: Setup

So far, we have found subsets C N 0€2,« and C N 9, on which

T (ur,...,un)ll > [[(u1, ..., un)ll
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Lemma 3: Setup

So far, we have found subsets C N 0€2,« and C N 9, on which

T (ur,...,un)ll > [[(u1, ..., un)ll

Now, suppose we were to find py € (0, p*) such that

IT(u, -5 un)ll < l(uns - - un)

for all (uy,...,un) € CNOQ,,.
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Lemma 3: Setup

Then, because Lemma 2 holds for ALL positive p < pj, the
Guo-Krosnoselskii Fixed Point Theorem would be satisfied twice:
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Guo-Krosnoselskii Fixed Point Theorem would be satisfied twice:

@ Once over C N (£, —£,,) via the expansion form of the
theorem.
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Lemma 3: Setup

Then, because Lemma 2 holds for ALL positive p < pj, the
Guo-Krosnoselskii Fixed Point Theorem would be satisfied twice:

@ Once over C N (£, —£,,) via the expansion form of the
theorem.

@ A second time over C N (€2,, —£,,) by the compression form
of the theorem.
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Lemma 3: Hypotheses

We find exactly such a py in Lemma 3. The following hypotheses
will be needed:
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Lemma 3: Hypotheses

We find exactly such a py in Lemma 3. The following hypotheses
will be needed:

(HO) For i=1,2,...,n—1, the functions

f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.
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Lemma 3: Hypotheses

We find exactly such a py in Lemma 3. The following hypotheses
will be needed:

(HO) For i=1,2,...,n—1, the functions
f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.

(H2) Let z=>"", x;. Then

lim f(tvxla s 7Xn)
z—07t z

=0

uniformly for t € [0, 1].
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Lemma 3: Hypotheses

We find exactly such a py in Lemma 3. The following hypotheses
will be needed:

(HO) For i=1,2,...,n—1, the functions
f,gi:[0,1] x [0,00)" — [0, 00) are continuous and
nondecreasing in their last n variables.

(H2) Let z=>"", x;. Then

lim f(tvxla s 7Xn)
z—07t z

=0

uniformly for t € [0, 1].

(H3) There exists 0 < (; < ;7514 and g; > 0 such that, for all
(X1,..-,Xn) € [0,00)" with 0 < > X; < g;, we have
gi(t,X1,...,Xn) < (> 7 ;X for each t € [0,1] and

J
i=1,2,...,n—1.
I
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Lemma 3

Lemma 3. Suppose (H0), (H2), and (H3) hold, and let p* > 0 be
fixed. Then given \ > 0, there exists py € (0, p*) and { > 0 such
that for every (Q1,- .., Qn, R1,..., Ry) € [0, 0)2" with
27:1 (Q, + R,') < (, we have

[T Cur, s un) | < (o1, un)|

for each (uy, ..., un) € CNOKQ,.

('\ /

—
0, v ¥,
\ WA

0,
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Lemma 3: Proof

MnNy

Given A > 0, pick € > 0 so that Ae < PR
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Lemma 3: Proof

MnNy

Given A > 0, pick € > 0 so that Ae < PR

From (H2), there exists p, € (0, p*) such that for >~7 ; x; = D,
with (x1,...,xp) € [0,00)" and for .7 ; (Q; + R;) < Dy, we have

f(t7X1+QI+R17"'7XI7+QI‘I+RH)S
e[a+ Qi+ Ri)+ -+ (X0 + Qn+ Ry)]

for t €[0,1].
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Lemma 3: Proof

Also, by (H3), there exists (; > 0 satisfying (; < (’(\;’ IYB-) and

there exists g; > 0 such that, for

(x1+Q+Ri,...,xn+ Qn+ Ry) €[0,00)"
with 377 (% + Q + Rj) < gi, we have
gi(t,X1+ Q1+R17--->Xn+ Qn+Rn) <
Gl + Qu+Ri)+ -+ (xn+ Qn+ Rn)]

fort €[0,1] and i=1,2,...,n—1.



Lemmas
0000000000000 ®000000

Lemma 3: Proof

Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)
and above, we have
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Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)
and above, we have

1
An(ur, ..., up) = )\/ Gn(t,s)f(s,ui(s) + Qs + Ri,...,us(s) + Qns® + R.)ds
0
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Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)
and above, we have
1
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Lemma 3: Proof

Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)
and above, we have

1
An(ur, ..., up) = )\/ Gn(t,s)f(s,ui(s) + Qs + Ri,...,us(s) + Qns® + R.)ds
0

1
< A/ Golt, $)F (5, utlloc + Q1 + Rs oo [ tnll oo + Qn + Ru)ds
0

n 1
< e [|(u1, e+ Y@+ R)| [ Ges)ds
i=1 0
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Lemma 3: Proof

Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)

and above, we have
1
An(ur, ..., up) = )\/ Gn(t,s)f(s,ui(s) + Qus® + Ri,...,us(s) + Qns® + R.)ds
0

1
< A/ Golt, $)F (5, utlloc + Q1 + Rs oo [ tnll oo + Qn + Ru)ds
0

n 1
< e [|(u1, e+ Y@+ R)| [ Ges)ds
i=1 0

1
§2)\e||(u1,...,un)|\/ Go(t, 5)ds
0
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Lemma 3: Proof

Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)

and above, we have
1
An(ur, ..., up) = )\/ Gn(t,s)f(s,ui(s) + Qus® + Ri,...,us(s) + Qns® + R.)ds
0

1
< A/ Golt, $)F (5, utlloc + Q1 + Rs oo [ tnll oo + Qn + Ru)ds
0

n 1
< e [|(u1, e+ Y@+ R)| [ Ges)ds
i=1 0

1
§2)\e||(u1,...,un)|\/ Go(t, 5)ds
0

an(5n+/3n)
< Ae——= Lo, Up
<t )
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Lemma 3: Proof

Set g =min{q1,...,qn—1}, and let 0 < p» < min{q/2,p,}. Take
(ur,...,up) € CNONy,, and >°7; (Q + R;) < p2. Then, by (HO)

and above, we have
1
An(ur, ..., up) = )\/ Gn(t,s)f(s,ui(s) + Qus® + Ri,...,us(s) + Qns® + R.)ds
0

1
S )\/ Gn(t7 S)f(sa HulHoo + Ql + Rl, ey HunHoo + Qn + Rn)ds
0

n 1
< e [|(u1, e+ Y@+ R)| [ Ges)ds
i=1 0

1
§2)\e||(u1,...,un)|\/ Go(t, 5)ds
0

an(5n+/3n)
< Ae——= Lo, Up
<t )

for t €10, 1].
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Lemma 3: Proof

To establish similar bounds for A1, ..., A,_1, note that

n

D (lluillso + Qi+ R) <202 < g=min{g1,...,qn1}.
i—1
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Lemma 3: Proof

To establish similar bounds for A1, ..., A,_1, note that

n

D (lluillso + Qi+ R) <202 < g=min{g1,...,qn1}.
i—1

So,

gi(t, [[urlloc + Qu+ Ru,. - [[unlloc + Qn + Rp) <

n

Gy (lujlleo + Q + R))

j=1

fori=1,2,...,n—1.
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Now, pick ¢ < 1, and suppose Y i, (Q;i + Ri) < {'p2. Set
¢={p2
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Then it follows by (HO) and above that
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Now, pick ¢ < 1, and suppose Y i, (Q;i + Ri) < {'p2. Set
¢={p2

Then it follows by (HO) and above that

1
Alu, . us) = / Gi(t, $)gi(s, ts(s) + Qu5 + Rus .., un(s) + Qus® + Ro)ds
0
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Lemma 3: Proof

Now, pick ¢ < 1, and suppose Y i, (Q;i + Ri) < {'p2. Set
¢={p2

Then it follows by (HO) and above that

1
Alu, . us) = / Gi(t, $)gi(s, ts(s) + Qu5 + Rus .., un(s) + Qus® + Ro)ds
0

1
/ Gi(t,s)ds
0

< [l|(u1, co )| Z(Qf +R)
=1
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Lemma 3: Proof

Now, pick ¢ < 1, and suppose > 7 ; (Qi + R;) < ¢'pa. Set
¢ ={po.

Then it follows by (HO) and above that

1
Ai(u, ..., us) =/ Gi(t,s)gi(s,u1(s) + Qis° + Ru, ..., un(s) + Qus” + Ry)ds
0

1
/ Gi(t,s)ds
0

<G (1) N, un)l / Gi(¢,5)ds

< [l|(u1, co )| Z(Qf +R)
=1



Lemmas
0000000000000000e0000

Lemma 3: Proof

Now, pick ¢ < 1, and suppose Y i, (Q;i + Ri) < {'p2. Set
¢={p2

Then it follows by (HO) and above that

1
Alu, . us) = / Gi(t, $)gi(s, ts(s) + Qu5 + Rus .., un(s) + Qus® + Ro)ds
0

1
/ Gi(t,s)ds
0

<G (1) N, un)l / Gi(¢,5)ds

<G (1+¢) OB, )

< [l|(u1, co )| Z(Qf +R)
=1
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Lemma 3: Proof

Now, pick ¢ < 1, and suppose Y i, (Q;i + Ri) < {'p2. Set
¢=Cpa

Then it follows by (HO) and above that

1
Alu, . us) = / Gi(t, $)gi(s, ts(s) + Qu5 + Rus .., un(s) + Qus® + Ro)ds
0

1
/ Gi(t,s)ds
0

<G (1) N, un)l / Gi(¢,5)ds

<G (1+¢) OB, )

< [l|(u1, co )| Z(Qf +R)
=1

fort €[0,1] and i=1,2,...,n—1.
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Lemma 3: Proof

Thus,
H T(ulv ) Un)H <

Lea"“"”" (1+) Zc,“' RN N PA

M, N, 2M;N;

for (u1,...,un) € CNQy, and (Q1,..., Qn, R1,..., Ry) € [0,00)2"
with

n

> (Qi+R)<C

i=1
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Lemma 3: Proof

Thus,
HT(ulv"'vun)H <
O (5n+ﬁn al 5 +B/)

[AGI\/I,,N,, +(1+<¢ ZC: 2MN; [(u1, .- un)l
for (u1,...,un) € CNQy, and (Q1,..., Qn, R1,..., Ry) € [0,00)2"
with .

> (Qi+R)<C
i=1

Picking € and ¢’ small enough gives the desired result.
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Lemma 4: Setup

A third (and final) fixed point can be obtained by establishing a
contraction estimate for T on C N dSQ,,, where p3 > p*, and by
utilizing the estimate of Lemma 1.
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Lemma 4: Setup

A third (and final) fixed point can be obtained by establishing a
contraction estimate for T on C N dSQ,,, where p3 > p*, and by
utilizing the estimate of Lemma 1.

C\ /
\3‘ ¢/ 99,
\ /
\r o/
V
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Lemma 4: Setup

A third (and final) fixed point can be obtained by establishing a
contraction estimate for T on C N dSQ,,, where p3 > p*, and by
utilizing the estimate of Lemma 1.

C\ /

\ ' ¢/ o)
\ / O2pg
4

n V

Notice that, in this case, we would apply the compression form of
the Guo-Krasnosel'skii Fixed Point Theorem on the set

cn (Qpa - Qp*)-
I
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This is the purpose of Lemma 4. The following hypotheses will be
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This is the purpose of Lemma 4. The following hypotheses will be
required:

(HO) For i=1,2,...,n—1, the functions
f,gi :[0,1] x [0,00)" — [0, c0) are continuous and
nondecreasing in their last n variables.
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Lemma 4: Hypotheses

This is the purpose of Lemma 4. The following hypotheses will be
required:
(HO) For i=1,2,...,n—1, the functions
f,gi :[0,1] x [0,00)" — [0, c0) are continuous and
nondecreasing in their last n variables.
(H4) Let z=>""; x;. Then

lim f(t, X1, ...y Xn)
Z—00 Z

=0

uniformly for t € [0, 1].
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Lemma 4: Hypotheses

This is the purpose of Lemma 4. The following hypotheses will be
required:
(HO) For i=1,2,...,n—1, the functions
f,gi :[0,1] x [0,00)" — [0, c0) are continuous and
nondecreasing in their last n variables.
(H4) Let z=>""; x;. Then

lim f(t, X1, ...y Xn)
Z—00 Z

=0

uniformly for t € [0, 1].

(H5) There exists 0 < 0; < aigﬂ\gi) and r; > 0 such that, for all
(X1,..-,Xn) € [0,00)" with 3°7_; X; > r;, we have
g,'(t,yl, R ,Yn) < ¥; Z};l Xj for each t € [07 1] and

i=1,2,...,n—1.
I
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Lemma 4

Lemma 4. Let (Qy,...,Qn R1,...,Ry) €[0,00)?", and suppose
S1 1 (Qi + Ri) < ¢, where { > 0 is given. Suppose further that
assumptions (HO), (H4), and (H5) hold. Then, for every A > 0,
there exists p3 = p3((, \) such that for every p > p3, we have

IT(u, s un)l] < I(uns - - un)

for each (u1,...,u,) € CNOKQ,.
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Main Results

@ Apply the Guo-Krasnosel'skii Fixed Point Theorem three times
to show the existence of at least three fixed points of T and,
hence, at least three positive solutions to the transformed
problem. The existence of multiple positive solutions to the
original problem can then be established as a corollary.
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Theorem 1

Theorem 1. Suppose hypotheses (HO)—(H5) are satisfied for
functions f, g1, 8>, ...,8n—1. Suppose additionally that

o >y >20;>0; > ;>0 fori=1,2,...,n Then there exists
A > 0 such that given A\ > N, there exists ( > 0 such that for every

ai, az,...,ap > 0 satisfying 74 2% [1 — M} < ¢ and every

=i
(Q1,-- -, Qn, Ry, ..., Ry) €[0,00)" satisfying 7, (Q; + Ri) < ¢,
the system (7)—(9) has at least three positive solutions.
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Corollary 1

By utilizing the one-one correspondence of (1)—(3) with (7)—(9)
and the previous theorem, we can obtain an existence result for the
original system.
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Corollary 1. Suppose the following hypotheses are satistied for a
function h : [0,1] x [0,00) x (—00,0] — [0,00):
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Corollary 1. Suppose the following hypotheses are satistied for a
function h : [0,1] x [0,00) x (—00,0] — [0,00):

(HO") h is continuous, nondecreasing in its (2/)th variables, and
nonincreasing in its (2j + 1)th variables for j =1,2,... n.
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Corollary 1. Suppose the following hypotheses are satistied for a
function h : [0,1] x [0,00) x (—00,0] — [0,00):

(HO") h is continuous, nondecreasing in its (2/)th variables, and
nonincreasing in its (2j + 1)th variables for j =1,2,... n.
(H1") There exists a, 8 € (0,1), a < S8, such that, given
(X1, -y xn) € [Tr=1(—=1)"710, 00) with >°7_; x; # 0, there
exists k > 0 such that h(t,x1, x2,...,x,) > k for t € [«, 3]
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Corollary 1

Corollary 1. Suppose the following hypotheses are satistied for a
function h : [0,1] x [0,00) x (—00,0] — [0,00):

(HO") h is continuous, nondecreasing in its (2/)th variables, and
nonincreasing in its (2j + 1)th variables for j =1,2,... n.
(H1") There exists a, 8 € (0,1), a < S8, such that, given
(X1, -y xn) € [Tr=1(—=1)"710, 00) with >°7_; x; # 0, there
exists k > 0 such that h(t,x1, x2,...,x,) > k for t € [«, 3]
(H2') Let z= 3" (—=1)""1x; > 0. Then lim,_,q: 2t21) —
uniformly for t € [0, 1].
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Corollary 1. Suppose the following hypotheses are satistied for a
function h : [0,1] x [0,00) x (—00,0] — [0,00):

(HO") h is continuous, nondecreasing in its (2/)th variables, and
nonincreasing in its (2j + 1)th variables for j =1,2,... n.
(H1") There exists a, 8 € (0,1), a < S8, such that, given
(X1, -y xn) € [Tr=1(—=1)"710, 00) with >°7_; x; # 0, there
exists k > 0 such that h(t,x1, x2,...,x,) > k for t € [«, 3]
(H2') Let z= 3" (—=1)""1x; > 0. Then lim,_,q: 2t21) —
uniformly for t € [0, 1].
(H4') Let z =37 (~1)""1x > 0. Then lim,_q X&) — g
uniformly for t € [0, 1].
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Corollary 1

Suppose also that «; > ~; > 20; > 0; > ;i >0 fori=1,2,...,n.

Then there exists N > 0 such that given A > A, there exists ( > 0

such that, for every a1, as, . ..,a, > 0 that satisfies the properties
that after setting Q; = 215,_ and R; = —% fori=1,2...,n
we obtain

0<Y (Q+R)<C
i=1
and

2(0; — Bi)(ai

n Rn <
Q@ + ai(6i + Bi

;>jq) j{: (C& +’fb)7 i=12,...,n-1,
j=1
then the system (1)—(3) has at least three positive solutions.
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